CAT(O) GROUPS AND COXETER GROUPS WHOSE 
BOUNDARIES ARE SCRAMBLED SETS 



TETSUYA HOSAKA 



Abstract. In this paper, we study CAT(O) groups and Cox- 
eter groups whose boundaries are scrambled sets. Suppose that 
a group G acts geometrically (i.e. properly and cocompactly by 
isometries) on a CAT(O) space X. (Such group G is called a 
CAT(O) group.) Then the group G acts by homeomorphisms on 
the boundary dX of X and we can define a metric dgx on the 
boundary dX. The boundary dX is called a scrambled set if for 
any a, f3 £ dX with a 7^ /3, (1) \\vcisw[){dgx{ga, gP) | 3 G G} > 
and (2) \imini{dgx{got, gP) \g £ G} = 0. We investigate when are 
boundaries of CAT(O) groups (and Coxeter groups) scrambled sets. 



1. Introduction 

The purpose of this paper is to study CAT(O) groups and Coxeter 
groups whose boundaries are scrambled sets. 

Definitions and basic properties of CAT(O) spaces and their bound- 
aries are found in [2j. A geometric action on a CAT(O) space is an action 
by isometries which is proper ([2, p. 131]) and cocompact. We note that 
every CAT(O) space on which some group acts geometricahy is a proper 
space ([21 p. 132]). A group G is called a CAT(O) group, if there exists a 
geometric action of G on some CAT(O) space X. Here we say that the 
boundary dX of X is a boundary of G. We note that if G is hyperbolic 
then the group G determines the boundary dX. In general, a CAT(O) 
group G does not determine the boundary dX of a CAT(O) space X on 
which G acts geometrically (Croke and Kleiner [5J). 

Suppose that a group G acts geometrically on a CAT(O) space X. 
Then the group G acts by homeomorphisms on the boundary dX of X. 
We note that if \dX\ > 2 then the boundary dX is uncountable. 
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We define a metric on the boundary dX as follows: We first fix a 
basepoint xq G X. Let a, /? G dX. There exist unique geodesic rays 
^XQ,a and ^^.o,/3 in X with ixoA^) = ^x^A^) = ^0, ?xo,a(oo) = a and 
^XQ,p{oo) = 13. Then the metric dQx{o!,(3) of a and (3 on (with 
respect to the basepoint xq) is defined by 

oo ^ 

ddx{a,l3) = ^min{(i(^a;o_Q(i),^^o^^(i)), ^}. 

The metric dgx depends on the basepoint xq and the topology of dX 
does not depend on xq. 

The boundary dX is said to be minimal, if any orbit Ga is dense 
in dX. Also the boundary dX is called a scrambled set, if for any 
a, /? G 9X with a / /?, 

limsup{dQx{ga, g(3) \ g £ G} > and 

liminf{dax(5a,5/?) | 5 G G} = 0. 

We note that "minimality" and "scrambled sets" in this paper is a 
natural extension of the original definitions in the chaotic theory and 
original minimality and scrambled sets are important concept on dy- 
namical systems and relate to the chaotic theory in the sense of Li and 
Yorke (cf. [IS], [H] and [22]). Boundaries of CAT(O) groups (and Cox- 
eter groups) are interesting object. In general, they are so complex and 
it is so difficult to see these topology and the actual actions of CAT(O) 
groups on their boundaries. The purpose of this paper is to get some- 
thing information of these actions and boundaries by using a method 
of the chaotic theory. We can find recent research on minimality of 
boundaries of CAT(O) groups and Coxeter groups in [12], [TJ], [16] and 
[18] . In this paper, we investigate CAT(O) groups and Coxeter groups 
whose boundaries are scrambled sets. 

After some preliminaries on CAT(O) spaces and their boundaries in 
Section 2, we first show the following theorem in Section 3. 

Theorem 1. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. Then 

limsup{ddxigcx,gP) \ g e G} > 
for any a, (3 £ dX with a ^ (3. 

This theorem implies that the boundary dX is a scrambled set if and 
only if 

Ymim.i{dQx{ga, gl3) \ g eG} = G 
for any a, P € dX with a ^ (3. 
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In Section 3, we prove a technical theorem which gives a sufficient 
condition of CAT(O) groups whose boundaries are scrambled sets and 
which plays a key role in the proof of the main results in this paper. 

In Section 4, we study boundaries of hyperbolic CAT(O) groups and 
we show the following theorems. 

Theorem 2. The boundary of every non- elementary hyperbolic CAT(O) 
group is a scrambled set. 

An action of a group G on a metric space Y by homeomorphisms is 
said to be expansive, if there exists a constant c > such that for each 
pair y,y' £Y with y / y' , there is g £ G such that d{gy,gy') > c. 

Theorem 3. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. The action of G on dX is expansive if and only 
if the space X is hyperbolic. 

In Section 5, we investigate when are boundaries of CAT(O) groups 
scrambled sets, and we give a sufficient condition of CAT(O) groups 
whose boundaries are scrambled sets and also give a sufficient condition 
of CAT(O) groups whose boundaries are not scrambed sets. 

In Sections 6, 7 and 8, we study the boundary of a Coxeter system. 
Definitions and basic properties of Coxeter systems and Coxeter groups 
are found in [Ij and [20]. Every Coxeter system {W,S) determines 
a Davis complex i:{W,S) which is a CAT(O) space ([6], [7], [8], [S^) 
and the natural action of the Coxeter group W on the Davis complex 
5) is proper, cocompact and by isometrics (hence Coxeter groups 
are CAT(O) groups). The boundary dT,{W,S) is called the boundary of 
the Coxeter system {W,S). 

We show a technical theorem which gives a sufficient condition of a 
Coxeter system whose boundary is a scrambled set in Section 7. 

Using the technical theorem, we show the following strong theorem 
for right-angled Coxeter groups and their boundaries in Section 8. 

Theorem 4. If {W, S) is an irreducible right-angled Coxeter system and 
\d'E{W,S)\ > 2, then the boundary dT,{W,S) is a scrambled set. 

From Theorem m and [181 Theorem 5.1], we obtain the following corol- 
lary which gives equivalent conditions of a right-angled Coxeter system 
whose boundary is a scrambled set. 

Corollary 5. Let (W, S) be a right-angled Coxeter system with 
\dT,{W, S)\ > 2. Then the following statements are equivalent: 

(1) d'E{W,S) is a scrambled set. 

(2) d'S{W, S) is minimal. 
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(3) {Wg, S) is irreducible. 

Here is the minimum parabolic subgroup of finite index in (W, S), 
that is, for the irreducible decomposition W = Ws^ x ••• x Ws„, we 
define S = [J{Si \ W5. is infinite} ([llj) and Wg is the subgroup of W 
generated by S. 

By Corollary [5l we can determine the class of right-angled Coxeter 
systems whose boundaries are scrambled sets. 

2. CAT(O) SPACES AND THEIR BOUNDARIES 

We say that a metric space {X, d) is a geodesic space if for each 
x,y £ X, there exists an isometric embedding ^ : [0,d{x,y)] — > X such 
that ^(0) = X and ^{d{x,y)) = y (such ^ is called a geodesic). Also a 
metric space X is said to be proper if every closed metric ball is compact. 

Let X be a geodesic space and let T be a geodesic triangle in X. A 
comparison triangle for T is a geodesic triangle T in the Euclidean plane 
with same edge lengths as T. Choose two points x and y in T. Let 
X and y denote the corresponding points in T. Then the inequality 

d{x,y) < d^2{x,y) 

is called the CAT(0)-inequality, where d^2 is the usual metric on M^. 
A geodesic space X is called a CAT(O) space if the CAT(0)-inequality 
holds for all geodesic triangles T and for all choices of two points x and 
y in T. 

Let X be a proper CAT(O) space and xq G X. The boundary of X 
with respect to xq, denoted by dx^X, is defined as the set of all geodesic 
rays issuing from xq. Then we define a topology on X U dx^X by the 
following conditions: 

(1) X is an open subspace of X U dx^^X. 

(2) For a G 9a;(,X and r, e > 0, let 

Uxo{a]r,€) = {xe XVJdxoX\x ^ B{xo,r), d{a{r), ^x{r)) < e}, 

where ^x '■ [0, d{xo, x)] ^ X is the geodesic from xq to x {^x = x 
if X G dxoX). Then for each eo > 0, the set 

{Uxoia;r,eo) | r > 0} 

is a neighborhood basis for a in X U dx^X. 

This is called the cone topology on XuOxqX. It is known that XUdx^X 
is a metrizable compactification of X ([2], [9]). 

Let X be a geodesic space. Two geodesic rays S,, C : [0, 00) X 
are said to be asymptotic if there exists a constant N such that 
'^(^(OiClO) — ^ fo'^ t > 0. It is known that for each geodesic 
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ray ^ in X and each point x £ X, there exists a unique geodesic ray ^' 
issuing from x such that ^ and are asymptotic. 

Let xq and xi be two points of a proper CAT(O) space X. Then there 
exists a unique bijection $ : S^o-'^ ^ such that and <I>(^) are 

asymptotic for any ^ G i9xo^- It is known that $ : d^^X — > S^^X is a 
homeomorphism ([2], [9]). 

Let X be a proper CAT(O) space. The asymptotic relation is an 
equivalence relation in the set of all geodesic rays in X. The boundary 
of X, denoted by dX, is defined as the set of asymptotic equivalence 
classes of geodesic rays. The equivalence class of a geodesic ray ^ is 
denoted by C(oo). For each xq £ X and each a £ dX, there exists a 
unique element ^ G dx^X with ^(oo) = a. Thus we may identify dX 
with dxgX for each xq £ X. 

We can define a metric on the boundary dX as follows: We first fix 
a besepoint xq £ X. Let a, 13 £ dX and let ^xo,a and Cxo,f3 be the 
geodesic rays in X with Cxo,a(0) = Cxo,/3(0) = a^o, Cxo,a(oo) = a and 
Cxo /3(c>o) = Then the metric dgx{a,l3) of q and /3 on dX is defined 
by' 

oo ^ 

d9x(a,/3) = J]min{d(^^o,„(i),^^o,/3(i)), — }. 

i=l 

We note that the metric dgx depends on the basepoint xq. 

In this paper, we suppose that every CAT(O) space X has a fixed 
basepoint xq and the metric dgx on the boundary dX is defined by the 
basepoint xq- 

Let X be a proper CAT(O) space and let G be a group which acts 
on X by isometrics. For each element g £ G and each geodesic ray 
i : [0,oo) ^ X, a map : [0, oo) X defined by (gOit) ■= oiCit)) is 
also a geodesic ray. If geodesic rays ^ and ^' are asymptotic, then gS^ 
and g^' are also asymptotic. Thus g induces a homeomorphism of dX, 
and the group G acts by homeomorphisms on the boundary dX. 

A geometric action on a CAT(O) space is an action by isometrics 
which is proper ([2^, p. 131]) and cocompact. We note that every CAT(O) 
space on which a group acts geometrically is a proper space ([21 p. 132]). 
A group which acts geometrically on some CAT(O) space is called a 
CAT(O) group. 

Details of CAT(O) spaces and their boundaries are found in [2j and 

m- 

Here we introduce some properties of CAT(O) spaces and their bound- 
aries used later. 

Lemma 2.1 ([2], [9]). Let X he a proper CAT(O) space. 
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(1) For each three points Xq,xi,X2 £ X and each t £ [0, 1], 

d{Ci{td{xo,xi)),(,2{td{xo,X2))) < td{xi,X2), 

where : [0, di] X is the geodesic segment from xq to xi for 
each i = 1,2. 

(2) // geodesic rays ^, ^' : [0, oo) X are asymptotic, then 

4e(i),e'W)<d(e(o),e'(o)) 

for any t > 0. 
From Lemma |2. II (1), we obtain the following. 

Lemma 2.2 ([2], [9]). Let X be a CAT(O) space and let ^ : [0, oo) ^ X 

and ^' : [0, oo) X he two geodesic rays with ^(0) = ^'(0). Then for 
0<t<t', 

d{m,^'{t))<^d{m,e{t'))- 

We obtain the following lemma from the proof of | 13t Lemma 4.2]. 

Lemma 2.3 ([131 Lemma 4.2]). Let X be a CAT(O) space and let ^ : 
[0, oo) X and ^' : [0, oo) X he two geodesic rays with ,^(0) = C'(O). 
For r > e > 0, if d{i{r),lm.^') < e then d{^{r - e),^'(r - e)) < e. 

We define the angle of two geodesic paths in a CAT(O) space. 

Definition 2.4 ([21 p.9 and p. 184]). Let X be a CAT(O) space and 
let ^ : [0, a] X and ^' : [0, a'] ^ X be two geodesic paths with 
C(0) = C'(0)- For t G (0, a] and t' G (0,a'], we consider the comparison 
triangle A(^(0), ^(t), ^'(t')), and the comparison angle Z^(o) (C(0 ■ 
The Alexandrov angle between the geodesic paths ^ and ^' is the number 
Z(^,^') G [0,^] defined by 

Z(e,O=limsupA(C(0),^(t),e'(t'))- 

Lemma 2.5 ([2 p.l84, Proposition II.3.1]). Let X he a CAT(O) space 
and let ^ : [0, a] — > X and : [0, a'] X he two geodesic paths with 
^(0) =^'(0). Then 

Z(e,e') = lim2arcsinld(e(t),e'(0)- 

We define the angle of two points in the boundary of a proper CAT(O) 
space. 

Definition 2.6 ([2, p.280]). Let X be a proper CAT(O) space, let x G X 
and let a, /3 G dX. The angle ^xio:, P) at x between a and (3 is defined 
as 
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where £,x,a and ^^^./J are the geodesic rays with ^x,a(0) = ix,p{^) = 
ix,a{oo) = a and ix,(3{oo) = (3. 

Also the angle Z(a,/3) between a and (3 is defined as 

Z(a,/3) = sup Ax{a,l3). 

x&X 

Lemma 2.7 ([2, p.281, Proposition II.9.8]). Let X he a proper CAT(O) 
space, let xq E X, let a,(3 £ dX and let ixo,a cmd ^xo,/3 the geodesic 
rays with £,xo,a{^) = ^xoA^) = ^o, CxoA^) = " '^^d CxoA'^) = P- 

(1) The function 1 1— > Z^^^^ ^(-()(a,/9) is non- decreasing and 

Z(q,/3) = ^hm Z5^^_^(t)(Q,/3). 

(2) 2sin(Z(a,/3)/2) = hm jdi^xoAt),UAt))- 

(3) 2sin(Z,o(a,/3)/2) = lhii^d(U,a(t),U,/3(i))- 

Here we obtain (3) in the above lemma from Lemma 12.51 
Using Lemmas 12.21 and 12.71 we show a lemma. 

Lemma 2.8. Let X be a proper CAT(O) space, let xq G X, let a,f5 £ 
dX and let ^^o.a o,''^d ^xo,/3 be the geodesic rays with S,xoA^) ~ ^xo,/3{0) = 
xo, ^xoA^) = " and ^xo,/3{oo) = (3. Then 

2sin(Z,„(a,/5)/2) < d{CxoA^)^UA^))- 

Proof. By Lemma 12.71 (3). 

2 sin(Z,„(a, /3)/2) = lim ^d{^xoAi),UAt))- 
Here by Lemma 12.21 for any < t < t' 

]di^xoAt),UAt)) < l;diUAt'),UAt'))- 

Hence 

2sin(Z,„(a,/3)/2) = lim 

<d(U,,(l),e,„,^(l)). 

□ 

3. A KEY THEOREM ON CAT(O) GROUPS WHOSE BOUNDARIES ARE 

SCRAMBLED SETS 

Li this section, we show a key theorem which gives a sufficient con- 
dition of CAT(O) groups whose boundaries are scrambled sets. 
We first prove the following theorem. 
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Theorem 3.1. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. Then 

limsup{(iax(5a,5/3) \g ^G} >Q 
for any a, (3 £ dX with a ^ 13. 

Proof. Let a,/3 E dX with a ^ (5. Then Z(a,/3) > 0, since a ^ fi. 
Let ixo,a be the geodesic ray with ^a:o,a(0) = xq and £,xo,a{p^) = « and 
let Xi = ^xo,a{i) for each i G N. Then by Lemma [2?7l (1). the function 
i ^ ^xXot., j3) is non-decreasing and the sequence {Ax^^a, /3)}j converges 
to /(a, /?) > as i — > cxd. Hence there exists a number io G N such that 
for any i > iq, 

Z{a,P)/2<Zx,{a,P)<Z{a,l3). 

Let Cx„a and be the geodesic rays with Cx,,a(0) = Cx,,i3{0) = Xi, 
Cxi,«(oo) = a and ^^.^/}(oo) = /3. By Lemma [2^ we have that 

d{^xUl),CxMl)) > 2sin(Z,,(a,/3)/2) > 2 sin(Z(a, /3)/4), 

because Zx,(a,/3) > Z(a,/3)/2. Let r = 2sin(Z(a,/3)/4). Then 

c^fe„a(l),Cz,,/3(l)) > r and 

for any t > 1 by Lemma |2.2[ Since the action of G on X is cocompact 
and X is proper, GB(xo, N) = X for some > 0. For each i S N, 
there exists gi £ G such that d{xi,giXo) < N. Let S,giXo,a and S,giXo,p 
be the geodesic rays with Cg^xo,a{^) = ^gixo,f3i0) = giXo, Cg^xo,a{°^) = " 
and Cg,xoA°^) = By LemmaO (2), C<;,xo,a(*)) < ^ and 

d{L„f3{*)^^g,^oA^)) ^ ^ foi' aiiy * ^ 0- Hence 

d(e<;,xo,a(*),e3,xo,/3(i)) > dfe.,a(t),ex,,/3(t)) - 2Ar > rt - 2iV 

2iV + 1 

for each t > 1. Let to = [ ] + 1- (We note that the number to 

r 

depends on just a and Then rtQ — 2N > 1 and 

ito),^g,xoAio))>rto-2N>l. 
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Here Qii^^^g-^^ = ig,xo,a and Qi^^^^g-ip = ig,xo,p, since gi is an isometry 
of X. Hence for each i > io, 

oo ^ 

i=i 

00 ^ 
= ^min{(i(5rri^^^^,,^^(j),5-i^^^^.^_^(j)), _} 

i=i 

00 ^ 

i=i 
1 

because d{S,g^xo,a{to),^gixo,p{to)) > 1- Here ^ is a constant which 
depends on just a and p. Thus we obtain that 

limsup{dQx{ga,gP) \ g e G} > ^ > 0. 

□ 

Now we show a theorem which gives a sufficient condition of CAT(O) 
groups whose boundaries are scrambed sets. This theorem plays a key 
role in the proof of the main results in this paper. 

Theorem 3.2. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. Assume that there exists a constant M > such 
that for any a, £ dX with a ^ j3, there exist a sequence {g,i} C G and 
a point yo € X such that {d{yo, giX())}i oo as i ^ oo and for any 
i G N, 

Ime9,a;o,anB(yo,M) /0 and 
lmCg^,^^^pnB{yo,M) 

where £,giXo,a and £,giXo,l3 are the geodesic rays with CgiXo,a{0) = 
Cg^xo,i3{0) = OiXo, ^g,xo,ai°^) = « Cg»xo,/3(oo) = (3. Then the bound- 
ary dX is a scrambled set. 

Proof. By Theorem 13. !( 

limsup{(iax(5'a,5/5) | 5 G G} > 
for any a, (3 € dX with a ^ (3. Hence it is sufficient to show that 

liminf{(iax(5'a,5/?) | 5 S G} = 
for any a, f3 € dX with a ^ (3. 
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Let a,P & dX with a ^ (3. By the assumption, there exist a sequence 
{gi\ C G and a point dq ^ X such that {ci(yo, 5ja^o)}i — oo as i — > oo 
and 

^^igixo,oc n S(yo, M) 7^ and 
ImCg,a:o,/3nS(yo,M) 7^0 

for any z G N. Here we show that 

{ddx{gi^oi,g~'^(3)}i ^ as i ^ oo. 

Let e > be a smaU number and let jo G N such that 

1 



2^0- 



< e. 



Since {d{yQ,giXQ)}i — > oo as i — > oo, there exists zq G N such that for 
any i > io, 

d{yo,gtXo) > ^ h 3M. 

Let i > io and let i?j = d{yQ, giXo). We suppose that ^ -i and 
^xo,ffri/3 are the geodesic rays with ^^„,g-i^(0) = ^^^-^(O) = ^o, 

and gii^^^gr^fj = ^gixo,p, since is an isometry of X. Here 



oo ^ 

io oo ^ 



JO ^ 

Now we show that 

2Mj 



di^giXoAj)^^9iXoAj)) < 



Ri - 3M 
for any j G N. By the assumption, 

n B{yo,M) / and 
Imefl,xo,/3n5(yo,M)/0. 
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Then Cg^xoA^i) ^ B{yQ,M) for some ti > 0. Hence d{yo,ig^^^A'^i)) < 
M. Here 

> d{giXo,yo) - d{yo,Cg,xo,a{ti)) 

> d{giXo,yo) - M 
= Ri-M 

and 

< 2M. 

By Lemma |2.3| 

diCg^xoAti - '^M),^g^x,^p{ti - 2M)) < 2M. 
Since ti > Ri — M, we have that 

d{^g,xoARi - ^M),ig^x,ARi - < 2M. 

Thus by Lemma 12.2^ 



d{ig^x,Aj)^^g.x,Aj)) < ^. ^^j^ diig^x.AR - 'iM),ig^x,AR - 3M)) 

< 2Mi 



iij - 3M 

Hence 

230 



30 ^ 

ddxioAoi^aAP) < Y.^^^9^ccoAj)^^g^xoAj)) + ^ 



- ^ i^i - 3M 2^0 



2M ^° 



iJi-SM^-" 2J0 

^ Mjo(jo + l) 1 

i?i - 3M 2J0 
e e 

<2 + 2=^' 
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because 

, ^ 2Mjo(io + l) , 
-rtj = d{yo,giXo) > h 3m and 

1 



Here e > is an arbitrary small number. Thus 

{ddx{9r^o:,g:r^(3)}i ^ as w oo. 

This implies that 

limm{{ddxiga,gf3) \ g e G} = 0. 
Hence the boundary dX is a scrambled set. □ 

4. Hyperbolic case 

In this section, we study boundaries of hyperbolic CAT(O) groups. 

We first introduce a definition of hyperbolic spaces. 

A geodesic space X is called a hyperbolic space, if there exists a num- 
ber 5 > such that every geodesic triangle in X is "5-thin" . 

Here "J-thin" is defined as follows: Let x,y,z£X and let A := Axyz 
be a geodesic triangle in X. There exist unique non-negative numbers 
a, b, c such that 

d{x, y) = a + b, d{y, z) = b + c, d{z, x) = c + a. 

Then we can consider the metric tree Ta that has three vertexes of 
valence one, one vertex of valence three, and edges of length a, b and 
c. Let o be the vertex of valence three in Ta and let Vx,Vy,Vz be the 
vertexes of Ta such that d{o, Vx) = a, d{o, Vy) = b and d{o, Vz) = c. Then 
the map {x, y, z} — > {vx,Vy,Vz} extends uniquely to a map / : A — > Ta 
whose restriction to each side of A is an isometry. For some 6 > 0, the 
geodesic triangle A is said to be 6-thin, if d{p,q) < 5 for each points 
p,q€ A with f{p) = f{q). 

It is known that a geodesic space X is hyperbolic if and only if there 
exists a number 5 > such that every geodesic triangle in X is "5- 
slim" . Here a geodesic triangle is said to be 6-slim, if each of its sides is 
contained in the (5-neighbourhood of the union of the other two sides. 

For a proper hyperbolic space X, we can define the boundary dX of X, 
and if the space X is hyperbolic and CAT(O), then these "boundaries" 
coincide. 

Details and basic properties of hyperbolic spaces and their boundaries 
are found in [2], g], [9j and [lOj. 

A group G is called a hyperbolic group if the group G acts geometri- 
cally on some hyperbolic space X. A hyperbolic group G determines the 
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boundary dX of a hyperbolic space X on which G acts geometricahy. 
The boundary dX is called the boundary of G and denoted by dG. 
It is known when is a CAT(O) space hyperbolic. 

Theorem 4.1 ([21 p. 400, Theorem III. H. 1.5]). A proper cocompact 
CAT(O) space X is hyperbolic if and only if it does not contain a sub- 
space isometric to the flat plane Mp . 

We show that the boundary of a non-elementary hyperbolic CAT(O) 
group is always a scrambled set. 

Theorem 4.2. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. If X is hyperbolic, then the boundary dX is a 
scrambled set. Moreover there exists a constant c > such that 

limsup{dQx{ga,gf3) \ g £ G} > c 

for any a, (3 £ dX with a ^ (3. 

Proof. Suppose that X is hyperbolic. There exists a constant 5 > 
such that every geodesic triangle in X is 5-thin. Since the action of G 
on X is cocompact and X is proper, GB{xq, N) = X for some > 0. 

Let a,f3 £ dX with a / /3. Since \dX\ > 2, there exists 7 £ dX \ 
{a, (3}. Let Xi = (,XQ,'y{i) for each i G N, where ^2:0,7 is the geodesic ray 
with ^^0,7(0) = xq and ^^^^^^(oo) = 7. We consider the two triangles 
of and xo,Xi,p. Since X is hyperbohc, there exists an enough 

large number R > such that for any i G N with i > R, 

d{(.xo,'yiR)J^Cx,,a) < S and 

For each i G N with i > R, there exists gi £ G such that d{xi, g-ixo) < N 
by the definition of the number A'^ > 0. Then d{^xo,i{R)^^''^ixi,a) ^ ^ 
and d{^Xi,a{i)-,ig^xo,a{t)) < A for any i > by Lemma [2?T] (2). Hence 

d(e^o,^(i?),Ime<;,xo,a) <N + 5. 

Also we have that 

d{ix,a{R)^'^i9^x,,p) <N + 5. 

Thus the constant M = N + 5, the point yo = ixQ,'y{R) and the sequence 
{gi \ i £ N, ? > R} satisfy the condition of Theorem 13.21 Hence the 
boundary dX is a scrambled set. 

Moreover, for each a, /3 G dX with a ^ (3, /?) = vr because there 
exists a geodesic line cr : M — > A such that cr(cxD) = a and cr(— 00) = (3 
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(cf. [21 p.428, Lemma III.H.3.2] and [4j). Hence by the proof of Theo- 
rem [3TT1 for the constants r = 2sin(7r/4) and to = [ — — 1 + 1, there 

r 

exists a sequence {gi} C G such that 

d9x{9-'a,g-'P)>^> ^ 



2*0 2*0+1 ■ 

Here c := 2to+i ^ constant which does not depend on a and /3. Thus 

limsup{dQx{ga,g(3) \ g £G} > c 
for any a, /3 S dX with a ^ 13. □ 

It is known that the boundary dG of a hyperbohc group G is minimal. 
Hence the boundary dG of every non-elementary hyperbolic CAT(O) 
group G is a scrambled set and minimal. 

Also we obtain a theorem. 

Theorem 4.3. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. The space X is hyperbolic if and only if there 
exists a constant c > such that 

\imsup{ddx{9a,gf3) \ g e G} > c 

for any a, (3 £ dX with a / /?. 

Proof. By Theorem l4.2( it is sufficient to show that if X is not hyperbolic 
then there does not exist a constant c > such that 

\imsup{ddxi90i,g(3) \ g £ G} > c 

for any a, f3 £ dX with a ^ (3. 

Suppose that X is not hyperbolic. Then X contsins a subspace Z 
which is isometric to the flat plane M'^ by Theorem 14. 1[ The boundary 
of Z is the circle, and for each 6 £ [0, vr] there exist a,(3E dZ with 
Z{a,l3) = e. 

Let e > be a small number. There exists in G N such that — — < — . 

2*0 2 

Then there exist a, (3 £ dZ C dX with a ^ (3 such that 



sin(Z(a,/3)/2)<-^. 
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For each t/q £ ^i Lemmas 12.21 and 12.71 (2) imply that 
1 1 

;r'^(^J/o,a(to),^yo,/3(*o)) < lim -C?(Cyo,"(0> ^2/o,/3(0) 
to t^oo t 

= 2sm(Z(a,/3)/2) 

where ^y^^a and iy^^^p are the geodesic rays with Cyo,a(0) = Cyo,/3(0) = 2/0, 
iyo,a{oo) = a and Cyo,/3(oo) = /5- Hence 

d{iyo,a{to),iyo,f3{tQ)) < — 

Zto 

for any yo G -'^^ Thus for each j G {1, 2, . . . , to}, 

2to 



by Lemma |2.2[ 

By the above argument, for each g £ G, 

oo ^ 

dax{ga,gl3) = ^ min{d(^^Q,g„(j), ^xo,a/3(j))> ^} 



2J 



oo ^ 

= ^min{d(Cg-i^g^„(j),^g-i^Q^^(j)), — } 

to oo ^ 



j=l j=to+l 
to 

< 



^ 2to ^ 2*0 



e e 
^2 + 2=^- 

Thus for any e > there exists a, f3 £ dX with a ^ f3 such that 
limsup{dox{ga,gP) \ g eG} < e. 
This means that there does not exist a constant c > such that 

hmsupldaxlfl'a,^/?) \ g &G} > c 
for any a, /5 € 5X with a ^ (3. □ 

An action of a group G on a metric space Y by homeomorphisms is 
said to be expansive, if there exists a constant c > such that for each 
pair y,y' £Y with y ^ y', there is (7 G G such that d{gy,gy') > c. 

We obtain a coroUary from the proofs of Theorems 14.21 and 14.31 
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Corollary 4.4. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. The action of G on dX is expansive if and only 
if the space X is hyperbolic. 

5. CAT(O) GROUPS WHOSE BOUNDARIES ARE SCRAMBLED SETS 

In this section, we investigate when are boundaries of CAT(O) groups 
scrambled sets. 

We first give a sufficient condition of CAT(O) groups whose bound- 
aries are scrambled sets. 

Suppose that a group G acts geometrically on a CAT(O) space X. 
For an element g € G, we define Zg as the centralizer of g and define 
Fg as the fixed-point set of g in X, that is, 

Zg = {h £ G\ gh = kg} and 

Fg = {x £ X\ gx = x}. 

The following lemmas are known. 

Lemma 5.1 ([16, Theorem 2.1] and |26j). Suppose that a group G acts 
geometrically on a CAT(O) space X . For g £ G, if Zg is finite then Fg 
is bounded. 

Lemma 5.2 ([2, Proposition 11.6.2(2)]). Let X be a CAT(O) space and 
let g and h be isometrics of X. Then gFh = Fgj^g-i. 

Here we show a theorem. 

Theorem 5.3. Suppose that a group G acts geometrically on a CAT(O) 
space X . If there exists an element go £ G such that 

(1) Zg^ is finite, 

(2) X \ Fgg is not connected, and 

(3) each component of X \ Fg^ is convex and not go-invariant, 
then the boundary dX is a scrambled set. 

Proof. Suppose that there exists an element go £ G which satisfies the 
conditions (1), (2) and (3). Using Theorem l3.2l we show that the bound- 
ary dX is a scrambled set. 
Let a,P£ dX with a / /3. 

By (1) and Lemma ISTTl Fg^ is bounded. Hence for some (and any) 

yO G Fgg , 

^(U^^^^o I 5 G G}) = L{Gyo) = dX. 
Here for a subset A C X, the limit set L(A) of A is defined as 

L{A) =AndX, 
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where A is the closure of A in X U dX. 

Now \dX\ > 2 (hence dX is uncoundatble) . Then there exists h G G 
such that 

Indeed if 

(Im^^o^„ U Im^^o_/3) n gFgo / 

for any g £ G, then 

= L(Im^a;o,o Ulm^^.^^^) = dX, 

which contradicts to \dX\ > 2. 
Let h & G such that 

(Im^^„_Q U Im^^o^/j) n hFga = 0. 

By Lemma [521 hFg^^ = Ff^g^i^-\. We consider the point hgoh^^XQ. By 
(2) and (3), X\hFgg is not connected, and two points xq and hg^h^^XQ 
are in distinct components of X \ /i-Fgo- Let and Ai be the com- 
ponents of X \ hFg^ such that xq G and hg^h'^XQ S j4i. Then 
Im^j^g^Q U lm(,xo,i3 C Aq- Since the components Aq and are un- 
bounded, we can take a sequence {hi} C G such that {/liXo}?, C and 
{d{hiXo, hFgg)}i ^ 00 as z — > 00. Since hiXo £ Ai and q,/3 G OAq, 

lmS,h,xo,a n /iFgo / and 
ImCh^x^^^nhFg,^^ 

for each i. For the diameter M = diam(Fc,p) = diam(hFgg) and some 
point uq £ hFg^, we have that 

Imeh,xo,anB(?/o,M) y^0 and 
Ima,xo,/3n5(yo,M) /0. 

Here M > is a constant which does not depend on a and (3. 

Thus the condition of Theorem 13.21 holds, and the boundary dX is a 
scrambled set. □ 

It is known that if the condition of Theorem l5.3l holds then the bound- 
ary dX is also minimal ([16j). 

In this paper, we define a reflection of a geodesic space as follows: An 
isometry r of a geodesic space X is called a reflection of X, if 

(1) is the identity of X, 

(2) X \ Fr has exactly two convex connected components X+ and 

X^ and 

(3) rX+ =X-, 
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where F^. is the fixed-points set of r. We note that "reflections" in this 
paper need not satisfy the condition (4) Int F,. = in [15] . 
We obtain a corollary from Theorem 15. 3i 

Corollary 5.4. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. If there exists a reflection r gG of X such that 
Zr is finite, then the boundary dX is a scrambled set. 

Next, we give a sufficient condition of CAT(O) groups whose bound- 
aries are not scrambled sets. 

A subset A of a metric space Y is said to be quasi-dense, if there 
exists a constant K > such that for each y £ Y there is a G ^ such 
that d{y, a) < K, that is, 

B{A, K) = {y£Y\ d{y, a) < K for some a£A] = Y. 

Theorem 5.5. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. If X contains a quasi-dense subset Xi x X2 
such that Xi and X2 are unbounded, then the boundary dX is not a 
scrambled set. 

Proof. Suppose that X contains a quasi-dense subset Xi x X2 such that 
Xi and X2 are unbounded. Then there exists a constant K > such 
that 

B{Xi xX2,K) = X. 

Since Xi and X2 are unbounded, there exist a £ dXi and (3 € 8X2. 
We note that 

dX = d{Xi X X2) = dXi * 8X2, 

where dXi * 8X2 is the spherical join. Hence Z(a, /3) = 7r/2 and 
Z2o(a,/?) = 7r/2 for each zq £ Xi x X2. 

To show that the boundary 8X is not a scrambled set, we prove that 

\i-mm.i{dax{ga, g(5) | 5 G G} > 0, 

that is, we show that there exists a constant c > such that 
ddxiga, gP) > c for any g £ G. 

Let to = [ ^ — 1 + 1 and c = Then we show that dgxiga, g[3) > 

V2 2*0 
c for any g £ G. 

Let g £ G. Since B{Xi x X2,K) = X, there exists zq £ Xi x X2 
such that d{g~^XQ, zo) < K. We consider the geodesic rays £,zo,a, Czo,f3^ 
Cg-^xo,a and Cg-ixo,/3- % Lemma O (2) , 

g xo,a 

<^and 
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Since /^^(a,/?) = 7r/2 and the convex hull of Im^^y^^ U Im^^g^^ is flat, 
we have that d{^zo,a{t), ^zo,i3{t)) = V^t for any t > 0. Hence 

it))>d{UAt).Udt))-2K 

= V2t- 2K. 

Here ^/2t-2K > 1 if and only if t > Hence for to = [^^-^] + 

v 2 v 2 

1, we obtain that 

4e<;-lxo,a(^o),Cg"lxo,/3(*o)) > V2to -2K>1. 

Then 

oo ^ 



oo ^ 

^ min{(i(Cg-i^,„_„(j), ^} 



1 

^^ = ^- 
Here g £ G is arbitrary. Thus 

limm{{ddx{ga,gP) \ g e G} > c> 0, 

and the boundary dX is not a scrambled set. □ 

By a splitting theorem on CAT(O) spaces ([T7j and [23], cf. [E]), we 
obtain that if a CAT(O) group G contains a subgroup Gi x G2 of finite 
index such that Gi and G2 are infinite, then a CAT(O) space X on which 
G acts geometrically contains a quasi-dense subspace which splits as a 
product Xi X X2, where Xi and X2 are unbounded. This implies the 
following corollary. 

Corollary 5.6. Suppose that a group G acts geometrically on a CAT(O) 
space X and \dX\ > 2. If G contains a subgroup Gi x G2 of finite 
index such that Gi and G2 are infinite, then the boundary dX is not a 
scrambled set. 

6. COXETER GROUPS AND DAVIS COMPLEXES 

In this section, we introduce definitions and some properties of Cox- 
eter groups and Davis complexes. 

A Coxeter group is a group W having a presentation 

(5| (st)™("'*) = 1 for s,t G 5), 
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where 5 is a finite set and m : 5 x 5 — > NU {oo} is a function satisfying 
the fohowing conditions: 

(1) m(s, t) = m{t, s) for any s,t £ S, 

(2) m(s, s) = 1 for any s £ S, and 

(3) m(s, i) > 2 for any s,t £ S with s ^ t. 

The pair {W, S) is cahed a Coxeter system. If, in addition, 

(4) m(s, t) = 2 or oo for any s,t £ S with s ^ t, 

then (VF, S") is said to be right-angled. We note that for s,t £ S, 
m{s, t) = 2 if and only if st = ts. 

Let {W, S) be a Coxeter system. For w £ W, we denote by i{w) 
the word length of w with respect to S". For w £ W, a representation 
w = si • • • si {si £ S) is said to be reduced, if = /. The Coxeter 
group W has the word metric di defined by de{w,w') = £{w~^w') for 
each w,w' £ W. Also for a subset T C S, Wt is defined as the subgroup 
of W generated by T, and called a parabolic subgroup. It is known that 
the pair {Wt,T) is also a Coxeter system ([I]). If T is the empty set, 
then Wt is the trivial group. A subset T C 5 is called a spherical subset 
of S, if the parabolic subgroup Wt is finite. 

Let (W, S) be a Coxeter system. For each w £ W, we define a subset 
£'('(/;) of S as 

= {s £S\e{ws) < i{w)}. 
Also for a subset T of 5, we define a subset W^ of 14^ as 
W^ = {w £W\S{w) =T}. 
The following lemma is known. 

Lemma 6.1 (|T], |6], [8]). iei (M^, 5") be a Coxeter system. For each 
w £ W, S{w) is a spherical subset of S, i.e., Ws(^^-^ is finite. 

Every Coxeter system (W,S) determines a Davis complex Ti(W,S) 
which is a CAT(O) geodesic space ([6], [7], [8], [M])- Here the vertex set 
of S) is W and the 1-skeleton of T.{W, S) is the Cayley graph of W 
with respect to S. Also Ti{W,S) is contractible. The natural action of 
W on S) is proper, cocompact and by isometrics, i.e., the Coxeter 
group W acts geometrically on the Davis complex Tj{W,S) and W is 
a CAT(O) group. If W is infinite, then YjiW,S) is noncompact and 
we can consider the boundary dT,{W, S) of the CAT(O) space S). 
This boundary dT,{W, S) is called the boundary of {W, S). 

Let {W, S) be a Coxeter system. The set Rs = {wsw""^ \ w £ W,s £ 
S} is called the set of reflections of {W,S). In fact, each r G i?5 is a 
"reflection" of the Davis complex T,{W,S). We define K{W,S) as the 
closure of the component C of S(iy, S) \ Ureflc with 1 G C, where 
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Fr is the fixed-point set of r in Y,{W,S). It is known that the subset 
K{W, S) is compact and a fundamental domain of the action of W on 
that is, WK{W,S) = J:{W,S). 
The following lemmas are known. These lemmas give a relation be- 
tween geodesic paths in Davis complexes and reduced words in Coxeter 
systems. 

Lemma 6.2 ( [11. Lemma 4.2]). Let {W, S) be a Coxeter system and let 
N be the diameter of K{W,S) in Ti{W,S). Then for any w £ W with 
w ^ 1, there exists a reduced representation w = si ■ ■ ■ si such that 

d{si---Si,[l,w]) < N 

for any i G {1,...,/}, where [l,w] is the geodesic from 1 to w in 

j:{w,s). 

Lemma 6.3 ( |14l Lemma 2.6]). Let {W, S) be a Coxeter system and let 
N be the diameter of K{W, S) in S). Then for any a £ S) 
there exists a sequense {si} C S such that si • • • Sj is reduced and 

d{si ■ ■ ■ Si,Im^i,Q,) < N 

for any i E N, where ^i^a is the geodesic ray in T,{W, S) with ^i,a(0) = 1 
and ^i^o(oo) = a. 

Also there is the following lemma. 

Lemma 6.4 ([14, Lemma 3.3]). Let {W,S) be a Coxeter system, let N 
be the diameter of K{W, S) in Yj{W^S) and let x,y G W. If o{st) = oo 
for each s G S{x) and t G S{y~^), then d{x, [l,xy]) < N, where o{st) is 
the order of st inW . 

7. Coxeter systems whose boundaries are scrambled sets 

In this section, we investigate Coxeter systems whose boundaries are 
scrambled sets. We give sufficient conditions of a Coxeter system whose 
boundary is a scrambed set. 

Theorem 7.1. Let {W,S) be a Coxeter system with \dJ:{W,S)\ > 2. 
Suppose that there exist so,to £ "S* and a number K > such that 

(1) o{soto) = oo and 

(2) for each w,v £ W , there exists x gW such that £{x) < K and 
wx, vx G l^i''"}. 

Then the boundary dT,{W,S) is a scrambled set. 

21 



Proof. Let a,(3 £ dT,{W,S) with a ^ f3. By Lemma \i).3\ there exist 
sequences {ai},{bi} C S such that 

d{ai ■ ■ ■ Oj, Im^i < N and 

(i(6i---6i,Imei,/3) < N 

for each i G N, where A'" = diam(i<'(H^, 5)). Let Wi = ai • • • and 
Vi = bi - ■ - bi for each i. By (2), for each i, there exists Xi £ W such 
that < and wT'^Xi,v~^Xi G VFi^o}. Since {x G | ^(x) < 

is finite, there exist x £ W and a subsequence {ij | j G N} C N such 
that Xi- = X for any j G N. We note that the sequences {x~^Wi.} and 
{x^^Vi^} converge to x~^a and x~^(3 respectively, {x~^Wi^)~^ = w^^^x G 
M^^'^o} and (x^^Ui )"^ = v^^x G 1^^''">. By Lemma El 

d((so^o)^[l,Mo)^x-X]) <^ 

for each /c G N and j G N, because o(soio) = oo by (1) and (so^o)'^ £ 
Hence 

for each G N. Let = (soto)'^^:^""'^ for each A; G N. Since g^^^ is an 
isometry of S(W, S), we have that 

Hence 

d(x,Ime3-i^,) < 
for each A; G N. By the same argument, we also obtain that 

(i(x,Ime^-i_^) <iV 

for each A; G N. Here < K because t{x) < K. Hence 

d{l,lmL-iJ <N + Kand 
d(l,Im^^-i_^) <iV + K 

for each G N. We note that {d{l, g^^)}k oo as k ^ oo and the 
number M := N + K is a. constant which does not depend on a and (3. 

Thus the condition of Theorem 13 . 2 1 holds . and the boundary dT,(W, S) 
is a scrambled set □ 

There is a similarity between the condiotions of Theorem 17.11 and 
[18\ Theorem 3.1] (and [12, Theorem 4.1]). Here [181 Theorem 3.1] and 
[12\ Theorem 4.1] give a sufficient condition of Coxeter systems whose 
boundaries are minimal. 
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For a Coxeter system (W, S) and the Davis complex S(W,S'), each 
s G is a "reflection" of T,(W,S) in the sence of the definition in 
Section 5. Hence we obtain a corollary from Corollary 15.41 

Corollary 7.2. Let iW,S) be a Coxeter system with \di:{W,S)\ > 2. 
If there exists s £ S such that Zg is finite, then the boundary dT,{W, S) 
is a scrambled set. 

We give an example of a Coxeter group which is not hyperbolic and 
which satisfies the condition in Corollary 17.21 (hence this example satis- 
fies the conditions in Theorem 15.31 and Corollary I5.4p . 

Example 7.3. We consider the Coxeter system (W, S) defined by the 
diagram in Figure 1. Since ^{W^t^^t^^t^y, {ti, ^a}) is the flat Euclidean 
plane, the Coxeter group W is not hyperbolic. Also Zs = M/^{s,ti,t2} is 
flnite. Hence (W, S) satisfles the condition of Corollary 17.21 and the 
boundary dT,{W, S) is a scrambled set. 




t2 



Figure 1. 

8. Right-angled Coxeter groups 

The purpose of this section is to prove the following theorem. 

Theorem 8.1. If {W,S) is an irreducible right-angled Coxeter system 
and \dT,{W, S)\ > 2, then the boundary dT,{W,S) is a scrambled set. 

A Coxeter system (W, S) is said to be irreducible if, for any nonempty 
and proper subset T oi S, W does not decompose as the direct product 
of Wt and Wg^j'. 

A Coxeter group W is said to be right-angled, if {W, S) is a right- 
angled Coxeter system for some S C W. It is known that every right- 
angled Coxeter group determines its Coxeter system up to isomorphisms 
([25j). Hence a right-angled Coxeter group W determines the boundary 
d^{W,S). 

The following lemmas are known. 

Lemma 8.2 ([1], [20]). Let {W,S) be a right-angled Coxeter system. 
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(1) W is finite if and only if st = ts for any s,t G S, that is, W is 
isomorphic to (Z2)''^'. 

(2) (W, S) is irreducible if and only if for each a,b £ S with a ^ b 
there exists a sequence {a = si, S2, ■ ■ ■ , Sn = b} C S such that 
o(sjSi+i) = oo for any i £ {1, . . . ,n — 1} . 

Lemma 8.3 ( |18l Lemma 2.7]). Let {W,S) be a right-angled Coxeter 
system, let U be a spherical subset of S, let sq £ S \ U and let T = {t £ 
U\sot = tso}. Then W^sq C W^^^">\ that is, S{wso) = T U {sq} for 
any w £ . 

We first show two technical lemmas. 

Lemma 8.4. Let {W, S) be an irreducible right-angled Coxeter system 
and let w £ W . Suppose that ti,t2, ■ ■ ■ ,tn £ S such that 

(1) h^s{w), 

(2) o{titi+i) = oo for any i £ {1, . . . ,n — 1} , and 

(3) {ti,t2,...,tn} = S. 
Then w{tit2---tn) £ W^*"^ . 

Proof. By Lemma 18.31 we have that 

S{wti) ={t£ S{w) I tti = tit} U {ti} = Ti U {ti}, 

where Ti = {t £ S{w) \ tti = tit}. Also 

S{wtit2) = {t£ S{wti) I tt2 = t2t} U {t2} 

= {t G Ti U {ti} I tt2 = t2t} U {is} 

= {t£Ti\ tt2 = t2t} U {t2} 

= {t£ S{w) I tti = tit, tta = t2t} U {t2}- 

By iterating the same argument, we obtain that 

S{w{ti . . . tn)) = {t £ S{w) I tti = tit for any i £ {1, . . . , n}} U {tn}. 

Here {ti,t2, ■ ■ ■ ,tn} = 5 by (3). Since {W,S) is irreducible, there does 
not exist t £ S such that ttj = t^t for any i £ {l,...,n}. Hence 
S{w{ti . . . tn)) = {tn}, that is, w{ti ■■■tn) £ W^^"\ □ 

Lemma 8.5. Let (W, S) be an irreducible right-angled Coxeter system 
with \dTi{W, S)\ > 2. For each w,v £ W, there exists x £W such that 

(1) e{x) < 1 and 

(2) S{wx) U S{vx) + S. 

Proof. Let w,v £ W. If S{w) U S{v) ^ S then x = 1 satisfies the 
conditions (1) and (2). We suppose that S{w) U S{v) = S. 
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Then S{w) n S{v) = 0. Indeed if s G S{w) n S{v) then st = ts for any 
t G S{w) by s G S{w) and Lemmas 16.11 and 18.21 (1), and also st = ts for 
any t £ S{v) by s G S{v) and Lemmas 16.11 and 18.21 (1). Hence st = ts 
for any t £ S{w) U S{v) = S and W = W^{s} x Ws\{s} which contradicts 
to the assumption (W, S) is irreducible. Thus S{w) n S{v) = 0. 

Let So G S^w). Since {W,S) is an irreducible right-angled Coxeter 
system, o(soto) = for some to ^ by Lemma [8^ (2). Then to G S{v), 
because VF^j-^^,) and 1^5(1,) are finite by Lemma [6T] and W^g^^f^y is infinite. 

Here by Lemma 18.31 

S{vso) = {so} U {t G S{v) I tso = Sot}. 

If S{wso)US{vso) / 5 then x = so satisfies the conditions (1) and (2). 
We suppose that S{wso) U S{vsq) = S. Since to S{vso), to G S^wsq). 
Hence tos = sto for each s G S{wso) = S \ S{vso). Here 

S \ S{vso) = S \ ({so} U {t G S{v) I tso = sot}) 

D S\i{so}US{v)) 

= S{w) \ {so}, 

since S{w) U S{v) = S and S'(w) n S{v) = 0. Hence tos = sto for any 
s G ^(tu) \ {so}. Since to G S{v), we also have that tos = sto for any 
s G S{v) = S \ S{'w). Thus tos = sto for any s G \ {so}. Here to is an 
arbitrary element of S with o(soto) = c>o. 

Let A = {t £ S \ o(sot) = 00}. Then st = ts for any t G ^ and 
s G S \ {so} by the above argument. Also sot = tso for any t G 5 \ ^ by 
the definition of A, since {W, S) is right-angled. Hence we obtain that 

W = Wau{so} X Ws\(Au{so})- 
Since {W, S) is irreducible, 5 \ (A U {so}) = and S = Au {sq}- Hence 

W = W{s,} * Wa. 

Here so is an arbitrary element of S{w). 

If there does not exist x £ W which satisfies the conditions (1) and 
(2), then by the same argument for to G S{v), we have that 

Then the boundary dT,(W, S) is two-points set, which contradicts to the 
assumption \dJ:{W,S)\ > 2. 

Thus there exists x £ W which satisfies the conditions (1) and (2). □ 

Using Theorem 1 7 . 1 1 and lemmas above, we prove Theorem 18.11 

Proof of Theorem \8.1[ Let (W, S) be an irreducible right-angled Cox- 
eter system with |(9S(I1^, S)\ > 2. To show that the boundary dT,(W, S) 
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is a scrambled set, by Theorem 17. H we prove that there exist so,to ^ S 
and a number K > such that 

(1) o(soto) = and 

(2) for each w,v £ W, there exists x € W such that £{x) < K and 

Let So £ and let w,v ^ W . By Lemma lHTS} there exists xq € such 
that ^(xo) < 1 and S{wxq)US{vxq) / 5. Then there is ti G S\S{wxq)VJ 
S{vxo). Since {W, S) is an irreducible right-angled Coxeter system, by 
Lemma [82] (2), there exist t2,. ■ ■ ,tn G S such that o{titi+i) = oo for 
each i G {1, . . . , n — 1} , tn = sq and {ti, ^2, ■ ■ ■ , tn} = 5*. 

Then by Lemma 18.41 

wxo{tit2 • • • t„) G W^*"^ = W^'°^ and 

vxo{tit2 ■■■tn)€ = VF^"o>. 

Hence we can take a large number K > such that for each w,v £ W, 
there is x G W such that £(x) < K and wx,vx G because S" is 

finite. Also there exists to G S with o(soto) = oo by Lemma [812] (2). 
Therefore the boundary dJ^^W, S) is a scrambled set by Theorem 17. 11 

□ 

Let (W, S) be a Coxeter system. There exists a unique decomposition 
{Si, . . . , Sr} of S such that W is the direct product of the parabolic sub- 
groups Wsi, . . . , Ws^ and each Coxeter system {Ws^, Si) is irreducible 
([1], [2Ql p.30]). We define 

S ■= \J{Si I Ws, is infinite}. 

The Coxeter system (W, S) determines the subset S of S. By the defi- 
nition, 

Wg is infinite and ^^5^5 is finite. Also it is known that the parabolic 
subgroup Wg is the minimum parabolic subgroup of finite index in W 
(dU Corollary 3.3]). 

By Theorem 18.11 and |18l Theorem 5.1], we obtain equivalent condi- 
tions of a right-angled Coxeter system whose boundary is a scrambled 
set. 

Corollary 8.6. Let {W, S) be a right-angled Coxeter system with 
\dT,(W,S)\ > 2. Then the following statements are equivalent: 

(1) dTi{W,S) is a scrambled set. 

(2) d'E{W,S) is minimal. 

(3) (Wg,S) is irreducible. 
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Proof. (2) <^ (3): The statements (2) and (3) are equivalent by [TSl 
Theorem 5.1]. 

(1) =^ (3): Suppose that {Wg,S) is not irreducible. Then Wg = 
X for some 5*1, 52 C 5, where Ws-^ and are infinite by the 
definition of S. This implies that 

nWs,S) = ^{Ws„Si) X ^{Ws2,S2) 

and 

S) = ^{Wg, S) X S\S) 

Here S(W^^^,S' \ 5) is bounded, because Wg^^g is finite. Hence 
T.{Ws^,Si) X T.{Ws2,S2) is quasi-dense in T.(W,S). By Theorem [531 
we obtain that dT,{W, S) is not a scrambled set. 

(3) ^ (1): Suppose that {Wg, S) is irreducible. By Theorem 18. H the 
boundary dT,(Wg,S) is a scrambled set. Since 

5) = ^{Wg, S) X ^{Wg^g, S\S) 

and 5 \ 5) is bounded, 

dJ:{W,S) = d^{Wg,S). 
Therefore d'E,{W,S) is a scrambled set. □ 

9. Remark 

We can find some similarity between the conditions of CAT(O) groups 
and Coxeter groups whose boundaries are scrambled sets in this paper 
and the known conditions of CAT(O) groups and Coxeter groups whose 
boundaries are minimal sets in |12j . |14j . |16j and [18]. The relation is 
unknown now in general. The author has a question: Is it the case that 
a boundary of a CAT(O) group is a scrambled set if and only if it is 
minimal? 

References 

[1] N. Bourbaki, Groupes et Algebres de Lie, Chapters IV- VI, Masson, Paris, 1981. 
[2] M. R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, 

Springer- Veriag, Berlin, 1999. 
[3] K. S. Brown, Buildings, Springer- Veriag, 1980. 

[4] M. Coornaert and A. Papadopoulos, Symbolic dynamics and hyperbolic groups. 
Lecture Notes in Math., Vol. 1539, Springer, Berlin, 1993. 

[5] C. B. Croke and B. Kleiner, Spaces with nonpositive curvature and their ideal 
boundaries. Topology 39 (2000), 549-556. 



27 



M. W. Davis, Groups generated by reflections and aspherical manifolds not 
covered by Euclidean space, Ann. of Math. 117 (1983), 293-324. 
M. W. Davis, Nonpositive curvature and reflection groups, in Handbook of 
geometric topology (Edited by R. J. Daverman and R. B. Sher), pp. 373-422, 
North-Holland, Amsterdam, 2002. 

M. W. Davis, The cohomology of a Coxeter group with group ring coefficients, 
Duke Math. J. 91 (no. 2) (1998), 297-314. 

E. Ghys and P. de la Harpe (ed), Sur les Groupes Hyperboliques d'apres Mikhael 
Gromov, Progr. Math. vol. 83, Birkhauser, Boston MA, 1990. 
M. Gromov, Hyperbolic groups, in Essays in group theory (Edited by S. M. Ger- 
sten), pp. 75-263, M.S.R.I. PubL 8, 1987. 

T. Hosaka, Parabolic subgroups of finite index in Coxeter groups, J. Pure Appl. 
Algebra 169 (2002), 215-227. 

T. Hosaka, Dense subsets of the boundary of a Coxeter system, Proc. Amer. 
Math. Soc. 132 (2004), 3441-3448. 

T. Hosaka, The interior of the limit set of groups, Houston J. Math. 30 (2004), 
705-721. 

T. Hosaka, On dense orbits in the boundary of a Coxeter system, J. Math. 
Kyoto Univ. 45 (no.3) (2005), 627-631. 

T. Hosaka, Reflection groups of geodesic spaces and Coxeter groups, Topology 
Appl. 153 (2006) 1860-1866. 

T. Hosaka, Dense subsets of boundaries of CAT(O) groups, Houston J. Math., 
to appear. 

T. Hosaka, On splitting theorems for CAT(O) spaces and compact geodesic 
spaces of non-positive curvature, arXiv:math.GR/040555l"| (2004). 



T. Hosaka, Minimality of the boundary of a right-angled Coxeter system, 
arXiv:math.GR/0606020 (2006). 

W. Huang and X. Ye, Homeomorphisms with the whole compacta being scram- 
bled sets, Ergod. Th. Dynam. Sys. 21 (2001), 77-91. 

J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge University 
Press, 1990. 

H. Kato, On scrambled sets and a theorem of Kuratowski on independent sets, 
Proc. Amer. Math. Soc. 126 (1998), 2151-2157. 

T. Y. Li and J. A. Yorke, Period three implies chaos, Amer. Math. Monthly 
82 (1975), 985-992. 

N. Monod, Superrigidity for irreducible lattices and geometric splitting, J. 
Amer. Math. Soc. 19 (2006), 781-814. 

G. Moussong, Hyperbolic Coxeter groups, Ph.D. thesis, Ohio State University, 
1988. 

D. Radcliffe, Unique presentation of Coxeter groups and related groups, Ph.D. 
thesis. University of Wisconsin-Milwaukee, 2001. 

K. Ruane, Dynamics of the action of a CAT(O) group on the boundary, Geom. 
Dedicata 84 (2001), 81-99. 

J. Tits, Le probleme des mots dans les groupes de Coxeter, Symposia Mathe- 
matica, vol. 1, pp. 175-185, Academic Press, London, 1969. 

Department of Mathematics, Faculty of Education, Utsunomiya Uni- 
versity, Utsunomiya, 321-8505, Japan 

E-mail address: hosaka@cc.utsunomiya-u.ac.jp 



28 



